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We study the largeN limit of twisted partition functions onMg,p, the S
1 bundle of degree p over a Riemann
surface of genus g, for 3D N = 2 superconformal field theories arising as low-energy limit of wrapped N
M5-branes on hyperbolic 3-manifold M . We study contributions from two Bethe vacua which correspond to
two canonical irreducible SL(N,C) flat connections on M via 3D-3D correspondence. Using mathematical
results on perturbtaive Chern-Simons invariants around the flat connections, we find universal expressions for
the large N twisted partition functions contributed from the two Bethe vacua in term of the hyperbolic volume
of M . The two large N partition functions perfectly match the on-shell actions for two Bolt-type solutions in
the holographic dual AdS4 gravity respectively.
INTRODUCTION AND SUMMARY
As a consistent theory of quantum gravity, string/M-theory
is expected to provide microscopic understandings of quan-
tum aspects of black holes (BHs). In a celebrated work [1],
this hope was realized for extremal black holes in Minkowski
spacetime, by reproducing the Bekenstein-Hawking entropy
through counting D-brane bound states. Recently, this success
was extended to black holes in asymptotically anti-de-Sitter
spacetime. In particular, the entropy of magnetically charged
supersymmetric black holes in AdS4 supergravity can be ex-
plained using the holographic principle [2–11]. The AdS/CFT
correspondence [12] says quantum gravity in asymptotically
AdS4 spacetime should be dual to a conformal field theory
(CFT) on the 3-dimensional (3D) boundary. The field theo-
ries of interest have N ≥ 2 supersymmetry, and the black
hole entropy on the gravity side turns out to be related to
the so-called topologically twisted indices [13–16] in the dual
field theory. They are the partition functions (ptns) on super-
symmetric curved backgrounds Mg,p=0 := Σg × S1, with
an appropriately chosen backgroundmagnetic flux coupled to
R-symmetry current. The magnetic flux is turned on along
the Riemann surface Σg of genus g. The twisted indices can
be then computed using the supersymmetric localization tech-
nique. Recently, the realm of localizable 3D manifolds has
been further extended in [17], and we now have formulae for
twisted partition functions Zg,p, i.e. the ptn on degree-p S
1-
bundlesMg,p (see (4)) over Σg.
In this letter, we study holographic duality for a large class
of 3D N = 2 SCFTs TN [M ], defined in (2) (see also (3)),
arising from wrapped M5-branes on closed hyperbolic 3-
manifoldsM . The 3D theory is characterized by N , number
of M5-branes, and the choice of a 3-manifoldM . For eachM ,
there is an associated AdS4/CFT3 correspondence. The holo-
graphic dual of the wrapped M5-brane 3D SCFT was studied
in [18, 19]. Since there are infinitely many such 3-manifolds
[20], the wrapped M5-branes system provides a huge set of
AdS4/CFT3 examples. We probe the holography using the
twisted ptns. For p = 0, the ptn becomes a twisted index
which counts ground states of M5-branes on Σg ×M . The
counting is holographically dual to the microstates counting
for a supersymmetric BH solution interpolating the asymp-
totic AdS4 and its near-horizon limit AdS2 × Σg [11].
The 3D-3D correspondence [21–23] provides a novel way
of analyzing the 3D N = 2 SCFTs. Schematically, the corre-
spondence says
(supersymmetric ptns of 3D TN [M ] theory)
= (SL(N,C) Chern-Simons theory invariants onM) .
(1)
Refer to [24–31] for more details on 3D-3D dictionary. Via
the correspondence, some supersymmetric quantities of 3D
TN [M ] theory can be evaluated without relying on a field
theoretic description of the 3D SCFT. For example, as sum-
marized in Table I, the twisted partition function Zg,p can be
written in terms of basic perturbative invariants of the complex
Chern-Simons (CS) theory. These invariants are mathemati-
cally well-defined and have been extensively studied in math
literature.
Combining the 3D-3D dictionary with mathematical re-
sults, we obtain the large N behavior of the twisted partition
functions contributed from two distinguished Bethe vacua in
the TN [M ] theory. The Bethe vacua of our interest correspond
to two irreducible SL(N,C) flat connections onM in 3D-3D
dual complex CS theory. These two flat connections also have
a natural interpretation in terms of hyperbolic geometry, see
eq (18). They also give global minimum and maximum of
2the absolute value of the fibering operator F appearing in the
ptn computation (12), see (20). We confirm that the large N
twisted ptns from the two Bethe-vacua nicely match the on-
shell action for the two Bolt-type solutions [10] in the gravity
dual respectively. The comparison is summarized in Table II,
which is the main point of this letter.
3D TN [M ] THEORY
A large class of 3D N = 2 SCFTs can be engineered
through a twisted compactification of 6-dimensional SCFTs.
They are labelled by the internal 3-manifoldsM :
TN [M ] := (Effective 3D N = 2 SCFT obtained from
a twisted compactification of 6D AN−1 (2, 0) theory
on a 3-manifoldM ) .
(2)
For simplicity, we assume M is a closed (compact) hyper-
bolic 3-manifold without boundary. To preserve supersym-
metry, we perform a partial topological twisting along the in-
ternal 3-manifold using SO(3) vector subgroup of SO(5) R-
symmetry of the 6D theory. The twisting preserves a quarter
of supersymmetries and the resulting 3D theory becomes a 3D
N = 2 SCFT with 4 supercharges. The 6D theory describes
the low-energy effective world-volume theory of N coinci-
dent M5-branes in M-theory, and the 3D theory can be con-
sidered as an effective world-volume theory of N coincident
M5-branes wrapped on the compact 3-manifoldM , i.e.
N coincident M5-branes on R3 ×M
in M-theory on R3 × (T ∗M)× R2
IR world-volume theory of M5-branes
−−−−−−−−−−−−−−−−−−−−−−→ TN [M ] on R
3 .
(3)
Here T ∗M is the cotangent bundle of M , which is a local
Calabi-Yau.
Let us comment on a subtle point in the setup. As empha-
sized in [32], in taking the twisted compactification we need
to choose a connected subset of the vacuum moduli-space of
the theory defined onR3, in order to have a genuine 3D SCFT.
For a hyperbolicM , there is a natural choice (which is actu-
ally a single point) which is expected to become a discrete set
of vacua when the theory is put on R2 × S1. This discrete set
of vacua corresponds to a subset of irreducible SL(N,C) flat
connections onM . A field theoretic construction of the effec-
tive 3D gauge theory is proposed in [32], extending the beau-
tiful construction in [23, 33] for cusped 3-manifolds with at
least one torus boundary component, by incorporating gauge
theoretical operations corresponding to Dehn filling (remov-
ing torus boundaries) operations on 3-manifold.
TN [M ] ONMg,p FOR EVEN p
We now turn to the case where TN [M ] is put on a large
class of nontrivial backgroundsMg,p [17]:
Mg,p := (S
1-bundle of degree p
over a Riemmann surface Σg of genus g) ,
i.e. S1
p
−→Mg,p → Σg .
(4)
The metric can be written as
ds2 = β2(dψ − pa(z, z¯))2 + 2gzz¯dzdz¯ , (5)
where z, z¯ are local coordinates on the Riemann surface and
ψ ∼ ψ + 2pi parameterizes the S1-fiber of length β. a is a
1-form on Σg whose curvature Fa := da is normalized as
1
2pi
∫
Σg
da = 1 . (6)
To preserve some supersymmetry, we turn on the following
background gauge field coupled to U(1) R-symmetry.
AR = βνR(dψ − pa) + nR(pi
∗a) , (7)
with proper quantization conditions for (νR, nR) [10]. Here
pi∗a is a 1-form onMg,p given as the pull-back of a using the
projection map pi :Mg,p → Σg.
For later comparison with the bolt-type solutions in the su-
pergravity, we follow [10] and choose
νR =
1
2
, nR =
p
2
+ g − 1 , p ∈ 2Z . (8)
Throughout the letter, we restrict our attention to the choice
in (8) and some formulae below may not work for other cases.
For example, the large N computation in Table II give incor-
rect answer for the usual round S3 case which isMg=0,p=1.
For small N the effective 3d theory TN [M ] might witness
emergent symmetries in addition to R-symmetry, as pointed
out in [32, 34]. When N is large enough, on the other hand,
there is no accidental symmetry and the U(1) R-symmetry in
the IR should be simply inherited from the compact SO(2)
subgroup of SO(5) R-symmetry in the 6D theory. It implies
that the U(1) R-charge,R, should be properly quantized
R(O) ∈ Z , for any state O of TN [M ] on Σg . (9)
The Dirac quantization conditions for the U(1) R-symmetry
flux on Σg are
R(O) × nR = R(O)×
(p
2
+ g − 1
)
∈ Z ,
for any state O of TN [M ] on Σg .
(10)
From (9), we see that the Dirac quantizations are always sat-
isfied for even p. In summary, for large enoughN we can put
the 3D TN [M ] theory on anyMg∈Z≥0,p∈2Z with supersym-
metry preserving background gauge field, given in (7) and (8),
coupled to the R-symmetry in the IR.
3HOLOGRAPHIC DUAL OF TN [M ]
The gravity dual description is given by the uplift of a cer-
tain magnetically chargedAdS4 solution in the maximally su-
persymmetricD = 7 gauged supergravity [18, 19]. Schemat-
ically, the D = 11 solution is a product of AdS4, hyperbolic
3-manifoldM , and a squashed 4-sphere S˜4. Consistency of
the truncation fromD = 11 down to minimalN = 2, D = 4
gauged supergravity is established in [35] and it is guaranteed
that we may replace the AdS4 part with any nontrivialD = 4
solution and we still have an exactD = 11 solution.
The computation of holographic free energy can be also
first done inD = 4 setup, and substitute the Newton constant
with [36]
G4 =
3pi2
2N3vol(M)
. (11)
Here, the hyperbolic volume is defined as
vol(M) = (hyperbolic volume ofM)
:= (volume measured in the unique hyperbolic metric) .
The hyperbolic metric is normalized as Rµν = −2gµν . The
Mostow’s rigidity theorem [37] guarantees the uniqueness of
the hyperbolic metric and thus the volume is actually a topo-
logical invariant.
As gravity duals of the boundary theory put onMg,p, we
utilize the supersymmetric AdS-Taub-NUT and bolt solutions
constructed in [38]. Since these solutions have non-vanishing
Maxwell field, which inD = 11 uplift appears as a twisting of
the R-symmetry angle in S˜4, one might worry about a conflict
with the quantization condition g, p. But it turns out, since the
R-symmetry angle is part of S˜4 and we have a standard peri-
odicity of 2pi, the regularity condition forD = 4 NUT/Bolt is
enough. This is in line with the field theory side discussion,
in particular (9). A comment is in order here, in comparison
with the uplifts involving Sasaki-Einstein 7-manifolds. In that
case, the periodicity of the R-symmetry angle from the regu-
larity of Bolt solution should be compatible with the period-
icity condition due to collapsing cycles in the Ka¨hler-Einstein
base manifold of the Sasaki-Einstein space. The readers are
referred to [10] for more details, where the authors consid-
ered an explicit example of Sasaki-Einstein manifolds such as
V 5,2 = SO(5)/SO(3).
TWISTED PARTITION FUNCTIONS OF TN [M ] IN 3D-3D
CORRESPONDENCE
The twisted partition functionZg,p on theMg,p for general
3DN = 2 SCFTs is given as the following finite sum [17, 29]
Zg,p =
∑
α
Zαg,p :=
∑
α
(Hα)g−1(Fα)p . (12)
Here α labels the so-called Bethe vacua [39] of the 3D theory.
It is obtained by extremizing the effective 2d twisted super-
potential in the compactification on R2 × S1. The number of
vacua is equal to the Witten index [40, 41] of the 3D SCFT.
H and F are called handle-gluing and fibering operators re-
spectively. The explicit forms ofH and F for any given ultra-
violet (UV) Lagrangian are available in [17]. Let us empha-
size that, the formula (12) applied to the case of S3 partition
function which corresponds to (g, p) = (0, 1) is apparently
different from the more familiar Coulmob branch integral ex-
pression [42]. But their equivalence is illustrated for a number
of examples in [17].
3D TN [M ] theory SL(N,C) CS theory
Bethe vacuum α Irreducible flat connection Aα
Handle gluing operatorHα exp(−2Sα1 )
Fibering operator Fα exp(iSα0 /(2pi))
TABLE I: 3d-3d dictionaries for basic ingredients in twisted partition
function computation. Sαn=0,1 are perturbative invariants of the com-
plex Chern-Simons theory around a flat-connection Aα, see eq (15).
Now let us specialize to the TN [M ] theories in (2). The
twisted ptns for these theories can be analyzed using the 3D-
3D dictionaries summarized in Table I. Twisted ptns in 3D-
3D correspondence were studied in [29, 30]. In the table, the
{Sαn}
∞
n=0 represent terms in the loop expansion of the com-
plex CS partition function around a flat-connection Aα [43–
46]:
ZαCS pert :=
∫
D(δA)
(gauge)
e−
1
2~
CS[Aα+δA;M ]
as ~ goes to 0
−−−−−−−−−→ exp
(
1
~
Sα0 + S
α
1 + . . .+ ~
n−1Sαn + . . .
)
.
(13)
The Chern-Simons functional is
CS[A,M ] :=
∫
M
Tr(A ∧ dA+
2
3
A3) . (14)
Note that the counterpart ofF andH are simply tree level and
one-loop contributions in perturbation theory! More explic-
itly, the perturbative coefficients are given as
Sα0 = −
1
2
CS[Aα,M ] ,
Sα1 :=
1
2
logTorR=adjoint[A
α,M ] .
(15)
TorR[Aα,M ] is the Ray-Singer torsion of an associated vector
bundle in a representation R ∈ Hom[SL(N,C) → GL(VR)]
twisted by a flat connection Aα. Here VR is the vector space
for representation R and GL(VR) is the general linear group
4on the VR. The analytic torsion is defined as follows [45, 47,
48]
TorR[A
α,M ] :=
[det′∆0(R,Aα)]3/2
[det′∆1(R,Aα)]1/2
. (16)
Here ∆n(R,Aα) is a Laplacian acting on VR-valued n-form
twisted by a flat connectionAα. det′∆ denotes the zeta func-
tion regularized determinant of the Laplacian∆. For the one-
loop part, the denominator comes from gauge field fluctua-
tions δA while the numerator comes from the ghosts associ-
ated to a gauge fixing [49].
The 3D-3D dictionary in Table I can be derived combining
several known results in literatures. The Bethe-vacua (vacua
on R2 × S1) of 3D TN [M ] theory are in one-to-one corre-
spondence to a subset of irreducible flat-connections on M
[21, 32]. According to a dictionary of 3D-3D relation, the
asymptotic expansion ZαCS pert in (14) is equal to the pertur-
bative expansion of holomorphic block Bα(q) [21, 27] asso-
ciated to the Bethe-vacuum α in the limit q → 1,
ZαCS pert(~) ≃ B
α(q := e~),
as an asymptotic expansion in ~→ 0.
(17)
For general 3D N = 2 theory, the asymptotic expansion co-
efficients S0 and S1 of holomorphic block are related to the
operators F andH as given in Table I [50, 51].
LARGE N TWISTED PARTITION FUNCTIONS AROUND
TWO BETHE-VACUA AND ITS HOLOGRAPHIC DUAL
For every hyperbolic 3-manifold M , there are two char-
acteristic irreducible SL(N,C) flat connections AgeomN and
AgeomN which can be constructed from the hyperbolic struc-
ture onM ,
AgeomN := ρN · (ω + ie) , A
geom
N := ρN · (ω − ie) . (18)
Here ω and e are respectively the spin-connection and viel-
bein of the unique hyperbolic metric on M . They are both
locally so(3)-valued 1-forms and the complex combinations
ω ± ie form an SL(2,C) flat-connections on M . ρN is
the N -dimensional irreducible representation of sl(2,C) =
su(2)C, and obviously ρN · (ω ± ie) become also irreducible
SL(N,C) flat connections. A crucial property of these
two flat-connections is that they take the minimum (maxi-
mum) value of Im[S0] among all SL(N,C) flat connections.
Namely,
Im[Sgeom0 ] < Im[S
α
0 ] < Im[S
geom
0 ] , (19)
for any flat connectionAα which is neitherAgeom norAgeom.
Combined with the 3D-3D dictionary in Table I, it is implied
|Fgeom| < |Fα| < |Fgeom| , (20)
for any Bethe-vacuumα which is neither (geom) nor (geom).
Classical actions Sα0 for the two connections above can be
computed as follows
Im[Sgeom0 ] = −
1
2
Im[CS(AgeomN )] = −
1
2
Im[CS(ρN · (ω + ie))]
= −
1
2
Tr[ρN · (T a)ρN · (T b)]
Tr[T aT b]
Im[CS(ω + ie)]
= −
1
2
N3 −N
6
Im[CS(ω + ie)] =
N3 −N
6
vol(M) , and
Im[Sgeom0 ] = −Im[S
geom
0 ] = −
N3 −N
6
vol(M) .
(21)
In the second line, T a (a = 1, 2, 3) are Pauli matrices and
ρN ·(T a) are generators in theN -dimensional irreducible rep-
resentation. From a simple group theoretical fact
Tr[ρN · (T a)ρN · (T b)]
Tr[T aT b]
=
N3 −N
6
, (22)
the expected N3-scaling of TN [M ] theory follows. In the
third line of (21), we use the fact that the imaginary part
of Chern-Simons functional of A = ω + ie is equal to the
Einstein-Hilbert action with unit negative cosmology constant
up to an overall numerical factor [52]. The action for the
unique hyperboilc metric is twice of the hyperbolic volume
of 3-manifold with a minus sign.
The largeN asymptotic behavior of the 1-loop coefficients,
Sgeom1 and S
geom
1 , can be analyzed using a following mathe-
matical theorem [53],
log |TorR=ρ2m+1 [A
geom
N=2 ,M ]|
asm goes to∞
−−−−−−−−−→ −
1
pi
m2vol(M) + o(m) .
(23)
Here ρ2m+1 is the (2m + 1)-dimensional irreducible repre-
sentation of sl(2,C) = su(2)C. Combining the theorem with
the following branching rule,
(
adjoint of sl(N,C)
)
=
N−1⊕
m=1
ρ2m+1 of sl(2,C) ,
when the sl(2,C) is embedded into sl(N,C) via ρN .
(24)
we have following largeN behavior of the 1-loop coefficients
Re[Sgeom1 ] =
1
2
log |TorR=adjoint[A
geom
N ,M ]|
=
1
2
N−1∑
m=1
log |TorR=ρ2m+1 [A
geom
N=2 ,M ]|
= −
1
2pi
vol(M)
N−1∑
m=1
m2 + o(m) = −
N3 + o(N2)
6pi
vol(M) ,
and
Re[Sgeom1 ] = Re[S
geom
1 ] = −
N3 + o(N2)
6pi
vol(M) .
(25)
5Combining the 3D-3D dictionaries in Table I with the largeN
analysis in (21) and (25), we finally obtain following universal
largeN behavior of the twisted ptns (12)
F geomg,p := − log |Z
geom
g,p (TN [M ])|
=
4(1− g)N3 + pN3
12pi
vol(M) + o(N2) ,
F geomg,p := − log |Z
geom
g,p (TN [M ])|
=
4(1− g)N3 − pN3
12pi
vol(M) + o(N2) .
(26)
They nicely match the on-shell actions I
Bolt±
g,p of Bolt± so-
lution in [10]. The large N computations are summarized in
Table II.
M-theory on AdS4 ×M × S˜
4 SL(N,C) CS theory onM
Bolt+ solution Flat connection A
geom
N
I
Bolt+
g,p =
pi(4(1−g)−p)
8G4
F geomg,p =
4(1−g)N3−pN3
12pi
vol(M)
Bolt
−
solution Flat connection A
geom
N
I
Bolt−
g,p =
pi(4(1−g)+p)
8G4
F geomg,p =
4(1−g)N3+pN3
12pi
vol(M)
TABLE II: The M-theory is holographic dual to 3D TN [M ] theory
while the complex Chern-Simons theory is 3D-3D dual to the TN [M ]
theory. The 4d Newton constant G4 is given in (11).
COMPARISON WITH LARGE N S3b -PTN
The prescription to compute the twisted partition function
Zg,p for TN [M ] through 3D-3D correspondence naturally
shares several ingredients with the corresponding computation
of a squashed 3-sphere partition function Zb(TN [M ]) studied
in [36, 54]. The squashed 3-sphere S3b of our interest is a su-
persymmetric curved background introduced in [55], defined
as
S3b =
{
(z, w) ∈ C2 : b2|z|2 +
1
b2
|w|2 = 1
}
. (27)
Setting b = 1 gives the usual round 3-sphere. According to the
3D-3D relation [22, 23], the extreme squashing limit b ∈ R→
0 corresponds to a weakly coupled limit of the Chern-Simons
theory. More concretely Zb is determined by the perturbative
invariantsSgeomn in (14) around the flat connectionA
geom
N [31,
56, 57],
Fb(TN [M ]) := − log |Zb(TN [M ])|
as ~ := 2piib2 goes to 0
−−−−−−−−−−−−−−→
− Re
[(
1
~
Sgeom0 + . . .+ ~
n−1Sgeomn + . . .
)]
.
(28)
Combined with the large N behaviors of Sgeomn for n = 1, 2
in eqs. (21) and (25), we see that the asymptotic expansion is
compatible with the gravity dual side of free-energy Igravityb
[54],
Igravityb =
pi(b+ b−1)2
8G4
=
N3
12pi
(b + b−1)2vol(M)
as ~ := 2piib2 goes to 0
−−−−−−−−−−−−−−→
iN3vol(M)
6~
+
N3vol(M)
6pi
−
iN3vol(M)
24pi2
~ ,
(29)
up to o(~0). Motivated from the comparison, it was further
conjectured that [54]
lim
N→∞
1
N3
Sgeom2 =
i vol(M)
24pi2
, lim
N→∞
1
N3
Sgeomn≥3 = 0 .
(30)
This conjecture was checked numerically for a number of con-
crete examples.
Now we compare the two largeN analysis and see
lim
N→∞
1
N3
Fb(TN [M ])
= lim
N→∞
1
N3
(
−
Im[Sgeom0 ]
2pib2
− Re[Sgeom1 ] + (2pib
2)Im[Sgeom2 ]
)
,
and
lim
N→∞
1
N3
F geomg,p (TN [M ])
= lim
N→∞
1
N3
(
2(g − 1)Re[Sgeom1 ]) +
p
2pi
Im[Sgeom0 ]
)
.
(31)
From the comparison, we obtain a general relation of the fol-
lowing form, between the twisted and the squashed S3 parti-
tion functions in the largeN limit
lim
N→∞
F geomg,p
Fb=1
= (1− g)−
p
4
. (32)
which holds for every 3D TN [M ] theory. To arrive the conclu-
sion, we use following universal relation between perturbative
invariants
lim
N→∞
piRe[Sgeom1 ]
Im[Sgeom0 ]
= lim
N→∞
−4pi2Im[Sgeom2 ]
Im[Sgeom0 ]
= 1 , (33)
which follows from the fact [58]
lim
N→∞
Fb
Fb=1
= lim
N→∞
− 12pi Im[S
geom
0 ]b
−2 − Re[Sgeom1 ] + (2pi)Im[S
geom
2 ]b
2
− 12pi Im[S
geom
0 ]− Re[S
geom
1 ] + (2pi)Im[S
geom
2 ]
=
1
4
(b−2 + 2 + b2) .
The same universal relation (32) for p = 0 was observed in
[4, 11] for different class of 3DN = 2 SCFTs.
6CONCLUSION
In this letter, we probe a large class of AdS4/CFT3 asso-
ciated to M5-branes wrapped on 3-manifolds by computing
largeN twisted ptns. For M2 and D2-branes and their Chern-
Simons-matter theories, the large N computations have been
performed already in [2–11]. A nicer feature of our analysis is
that we map the large N analysis to a mathematical problem
via 3D-3D correspondence which can be solved from known
mathematical results, such as (19), (21) and (25). The re-
sults hold for any closed hyperbolic 3-manifold M and one
does not need to perform the large N analysis for individual
AdS4/CFT3 model associated to eachM . We can also give a
simple explanation why there is a universal relation (see (32))
between the twisted ptns and S3-ptn in the largeN limit. Both
types of ptns are related to the same perturbative invariants of
a complex CS theory through the 3D-3D correspondence in
the largeN limit. We hope that the improvement made in our
analysis may provide a better way of understanding the sub-
leading corrections to the large N twisted ptns which might
be related to quantum corrections to the Bekenstein-Hawking
entropy.
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